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Abstract 
It was claimed by Gould (1981) that if G is a connected graph of order at least 3 such that no bridge is 
incident to a vertex of degree 2 and no path contains three or more consecutive vertices of degree 2, 
then L’(G) is hamiltonian. By H.-J. Lai (1988), this was proved to be false. Necessary and sufficient 
conditions for corresponding counterexamples were also displayed. However, this characterization 
is not complete because some counterexamples were overlooked as is proved in this note. Further- 
more, a counterexample to a theorem of Chartrand and Wall (1973) about hamiltonian index of 
graphs with hamiltonian cyclic blocks was exhibited by Lai (1988). Here an alternative version of 
this theorem is presented. 
The line graph L(G) of a graph G has E(G) as its vertex set and two vertices of L(G) 
are adjacent if and only if they are adjacent as edges in G. The n-th iterated line graph 
L”(G) is defined recursively as L’(G)= G, L”(G)= L(L”-l(G)). For a connected graph 
G that is not a path we define the hamiltonian index of G (denoted by h(G)) as the 
smallest n such that L”(G) is hamiltonian graph. 
A circuit is a sequence of vertices z)~, a,, . . . , ~suchthat Vi-1 uiEE(G)(i=I,...,k)are 
pairwise distinct edges and u. = ok. A circuit D is dominating (resp. spanning) if every 
edge of G is incident to a vertex of D (resp. if D contains all the vertices of G). 
Obviously, every spanning circuit is also dominating. Harary and Nash-Williams [3] 
showed that for a connected graph G, L(G) is hamiltonian if and only if either G is 
isomorphic to Kr,, for some ~33 or G contains a dominating circuit. Following [4] 
we define an arc in G as a path in G all of whose internal vertices have degree 2 in G. If 
A is an arc, then (E(A)1 is the length qfA. Let I(G) = max {m; G contains an arc of length 
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Fig. I 
m that is not both of length 2 and in a K3}. For an arc 
consider the following condition: 
A such that JE(A)J=I(G), 
A is in a cycle containing no other arc of length l(G). (1) 
Let &e(G) be the set of all arcs A of length I(G) not satisfying (1) none of whose 
endvertices has degree 1 in G. Denote by A0 the set of all internal vertices of A and let 
VI be the union of A0 for all AEJ~~~(G). The graph H(G) is constructed from G as 
follows: replace each component of G- VI by a single vertex and replace each 
AEJH~(G) by an edge that joins the corresponding vertices. Denote by s(G) the 
smallest m such that L”(G) contains a spanning circuit. Finally, let Z be the set of 
vertices VE V(G) of degree 1 such that L’ is an endvertex of some arc A of length 1(G). 
Gould [2] claimed that if G is connected graph of order at least 3 such that 
( *) no bridge is incident to a vertex of degree 2 and 
( **) no path contains three or more consecutive vertices of degree 2, 
then h(G)<2. Lai [4, p. 513 proved this to be false by exhibiting a family 
examples. He also claimed that G is a counterexample if and only if 
I(G)=2, A,(G)#& rc’(H(G))32, and s(H(G-Z))3 1 
of counter- 
(2) 
where JC’ stands for edge-connectivity. However, this excludes the graphs with I(G) = 3 
which are also counterexamples, for instance the graph G* in Fig. 1. The graph L’(G*) 
does not contain a hamiltonian cycle, but it is easy to see that L’(G*) contains 
a spanning circuit, so h(G*)= 3. G* of course satisfies ( *) and ( **), therefore it is 
a counterexample, yet 1(G*) = 3 and so it does not satisfy (2). One may think that the 
following condition 
1(G)~{2,3}, ~@‘d;e,(G)#@, rc’(H(G))>2, and s(H(G-Z))> 1 (3) 
is a correct characterization, but this is not true. Using again the graph in Fig. 1, we 
see that AS!~(G*)=& hence (3) does not hold. 
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Following [l] we say that the arc P is a poly-path if both its endvertices have degree 
at least 3, and P is an end-path if one of its endvertices has degree 1. Every edge of an 
end-path is of course a bridge. Similarly, we define a bridge-parh as a poly-path 
containing a bridge. The length of P will be denoted by I(P). A block B of G is said to 
be acyclic if B consists of a single edge and cyclic otherwise. 
Chartrand and Wall [l, Theorem 21 claimed that if all cyclic blocks of G are 
hamiltonian, then 
where the maximum is taken over all poly-paths P and all end-paths Q. However, Lai 
[4, p. 521 proved that this is false by giving a counterexample. Nevertheless, the 
theorem of Chartrand and Wall can be restated and proved as follows. 
Theorem 1. If G is not a path and all cyclic blocks of G are hamiltonian, then 
(4) 
where the maximum is taken over all bridge-paths P and all end-paths Q. 
Proof. First, we show that if every cyclic block of G is hamiltonian, then the 
same is true for L(G). Let B’ be a cyclic block in L(G). Then V(B’) is a subset 
of E(G); denote it by E * and let B be the subgraph of G spanned by E *. Clearly 
L(B)=B’ and suppose that eEE * is a bridge. Since B’ is a block, it cannot occur that 
both endvertices of e have degree greater than 2, or that e is incident to a vertex of 
degree 2. It follows that one endvertex of e has degree 1 and the other degree 3 or 
more. Remove all vertices of degree 1 from B in order to obtain a graph B* which does 
not contain bridges, but it may have cutvertices. If B* consists of a single vertex, then 
Br K1,, for some s3 3 and B’ is hamiltonian. Suppose that B* contains at least one 
edge. If B* is a block, it is hamiltonian and possesses a spanning circuit. Suppose that 
the latter is true for B* consisting of n blocks, and let B* consist of n+ 1 blocks. 
Obviously there is a block C in B* which contains only one cutvertex u (otherwise 
there would exist a cycle through all blocks of B*). Let us form B** from B* by 
deleting C-u; then B** has n blocks and contains a spanning circuit by induction 
hypothesis. Since C is hamiltonian, we can easily construct a spanning circuit for B*. 
But then B contains a dominating circuit and B’ is hamiltonian. It follows from the 
preceding argument that for every nonnegative integer n every cyclic block of L”(G) is 
hamiltonian. 
Denote the right-hand side of (4) by M. It is clear that the graph L“‘-i(G) contains 
at least one cutvertex or at least one end-path of length 1. This means that L”-l(G) is 
not hamiltonian, therefore k(G)3 M. Moreover, LMel(G) neither contains bridge- 
paths nor contains end-paths of length greater than 1, so L”(G) is a block. Hence it 
contains a hamiltonian cycle and h(G)< M. 0 
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